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Abstr.ct-The boundary element method is a more suitable technique than the finite element
method for problems having large stress gradients. One such problem is the stresses around m~'Ch

anical fasteners. To solve a problem by the boundary element method requires a solution llf an
integral equation. The integrand of the integral equation is a product of a known Green's function
and an unknown function. Unlike isotropic material. the plane orthotropic material can have three
forms of Green's function depending upon the relationship of the four material constants. To solve
the integral equations numerically, the unknown function is approximilted by a pi~'l.:ewisc continuous
linear function. The boundary is approximated by a sum of straight line segments. The result of the
two approximations is integrals over straight line segments, the integrand of which is a product of
line;lr polynomiills and one of the three Grecn's functions. These integrals are ev;l!uak'd ilnalytieally.
fly exploiting the common features in the three forms of Green's function a very ellicient algorithm
can he desi/olned. Numericill results arc presented for a circular hole in an infinite IIK'l.lium and in a
coupon. The results show good correlation with ;analytical results for all kinds of orthotropic
materials.

l. INTRODUCTION

The boundary clement method or OEM starts with the statement of the problem in terms
of an integral equation. The integration in the integral equation is performed over the
boundary. Thus,for numerical purposes when the discretization needs to be performed, it
need be done only on the boundary. This procedure is in contrast to the finite clement
method in which discretization is done over the entire body. The net result of this dillcrence
is th~lt the boundary element method generally requires less human and machine efrort to
solve a problem to the same level of accuracy.

The integrand in the integral equations is a product of a known Green's function and
an unknown function. The Green's function by definition satisfies the ditrerential equations
exactly. Consequently, the solution of the stresses and the displacements satisfy the dillcr
ential equations exactly. Once more this is in contrast with the finite element method where
stresses are some weighted average over an clement. Thus the resolution of high stress
gradients like those ncar a pin hole in mechanical fastening problems, is much better by thl:
boundary clement method than by the finite element method.

The form of Green's function for isotropic materials is independent of the material
properties. That is, the Green's function for isotropic materials is a linear combination or
some singular functions. The material constants of isotropic material affect only the con·
stants of the above mentioned linear combination. However, in orthotropic material, the
nature and the form of the singular functions also change with the material constants. The
dependence of the form of Green's function on the material constants has been known for
a long time[I-5]. For plane, linear, orthotropic, clastic material there are three forms of
Green's function depending upon the relationship of the four material constants. Two
approaches have been used in the past to address the difficulty posed by the dependency of
the form of Green's function on material properties. Reference [4] describes an algorithm
using a single form ofGreen's function. This restricts the analysis to materials ofa particular
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kind. The algorithms of Refs [2, 3, 5] are more general. but are based on complex variable
representation of the Green's function. The advantage of complex variable representation
is that a single expression describes all three forms of Green's function for a quantity. The
disadvantage is that the algorithm uses a complex variable arithmatic, which usually requires
more storage and computation time than a real variable arithmatic. In this work an
alternative approach is taken. The Green's function was rederived using a Fourier trans
form[6]. Each form is expressed in terms of real variables. Care was taken in identifying
the part of the Green's function the form of which would or would not change with the
relationship of the material constants. By exploiting the common features of the three forms
of Green's function an efficient algorithm has been designed.

The usual numerical approach in the evaluation of the integral is to approximate the
unknown function in the integrand by a linear combination of known polynomials. This
results in a linear expression in the unknown constants of the linear combination. The
unknown constants are evaluated by satisfying the boundary condition at a finite number
of points. The coefficients of the unknown constants are integrals containing the Green's
function and the polynomials. These integrals are usually evaluated numerically. The
advantage of numerical integration is that the order of the polynomial and the shape of the
boundary can be of any complexity. However, in practice, only a cubic polynomial and a
quadratic boundary shape have been used for an isotropic material. The disadvantage of
numerical integration is that another source of error has been introduced into the process
due to the approximation of the integrand for numerical integration. The singular natun:
of the Green's function further exacerbates this disadvantage, particularly when stresses
need to be found ncar the boundary.

In this paper, the unknown function is assumed to vary piecewise linearly, while the
boundary has been approximated by a sum of straight lines. The integrals arc evaluated
analytically for each form. In Ref. (5) the integrals were also evaluated analytically using a
linear v.lriation over straight line segments. The analytical expression, however, was
described using complex variabks. Usually the singularity contribution is written explicitly
in the code and the remaining integral evaluated in the Cauchy sense. Thus the boundary
clement containing the singularity is usually treated dilrerently from the rest of the boundary
clements. In this work all boundary clements arc treated in the same manner. This results
in a simpler computer code. The correct value of the singularity contribution is obtained
from the an.llytical expressions as described in Appendix B. The algorithm was tested on
several geometries. Results for two cases arc reported here. One corresponds to a circular
hole in an infinite medium while the other problem corresponds to a coupon with a pin
hole. Each geometry was considered for various relationships of material constants. An
excellent correlation was found with analytical results (when available).

In Section 2, the formulation of the boundary value problem in terms of an integral
equation is presented. Section 3 discusses the three forms of Green's function for plane
orthotropic material. Problem discretization is presented in Section 4, and the numerical
results in Section 5. In Appendix A, the mathematical expressions of the Green's function
arc reported. In Appendix B, the analytical expression for the integrals of the Green's
function arc given.

2. PROBLEM FORMULATION

Let (Ji, and elj represent the Cartesian stresses and strains at a point. It is assumed
throughout this paper that the Cartesian axes and the material axes arc parallel. The strains
and stresses in an orthotropic material arc related as

c•... = Cl~(j\\,+C~:(j,. (I)

where the Cs arc material constants. Let !k(P) represent a point load in the direction k
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applied at a point P. Let Hijt(Q, P) represent the Green's function relating the stresses at
a point Q to a unit value ofh at point P. By distributing the point load on the boundary
B. we obtain an integral expression given by

(2)

sum over k

where s is the arc length measured from some arbitrary point to point P. To determine the
unknown fictitious tractionh, we need the boundary conditions. Only the traction boundary
condition given below will be considered in this paper

(3)

sum over j

where "I are the direction cosines of the unit normal at point Q on the boundary and p,(Q)
are the applied tractions.

Formally stated the solution procedure is as follows: substitute eqn (2) in eqn (3) and
dctcrminc the function k Once It is known, find stresses at any point Q using eqn (2).

3. THE GREEN'S FUNCfION

To find thc Grcen's function, a two-dimcnsional infinite orthotropic planc is considered.
Thc equilibrium equation, the compatibility equation, and the boundary condition at
infinity arc solved using the technique of Fourer transforms. The boundary condition at
infinity is that the stresses and their first derivative go to zero.

Three forms of Green's function were found and are given in detail in Appendix A.
These thrce forms ofGreen's function correspond to the nature of the roots of the following
cquation:

(4)

The difference in eqn (4) from previous work[I-4] is due to the use of the tensor
definition of strain in place of the engineering definition of strain.

The four roots of eqn (4) may be symbolically written as

III = 'i). I (eos 15 1 +1 sin 15 1)

112 = -I). 1(eos 15 1-1 sin 15,)

III =V'2(COS 15 2+ I sin 15 2)

114 = -1).2(COS 15 2-I sin 15 2)

where I = J - I.

3.1. Case f: «CI2+CJJ)/CI1)2 > (C22/C 1d
For this case. e5 1 = 15 2 = 0, and

The roots have no real part and are purely imaginary.

(Sa)

(5b)

(5c)

(5d)

(6)
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.'.2. Case II: HC:+ C,,)C I):: = (C::::C I)

For this case, J I :::: <5:: = O. and

(7)

At tlrst glance it would appear that this case is a degenerate case of Case l. This indeed
is the casefor terms T 1 and T, (eqns (A7a). (A 7c) and (A9a), (A9c» in the Green's function
(A I). However, for the terms T:: and T~ (eqns (A 7b), (A7d), and (A9b), (A9d), there is a
significant dilTerence. Isotropic material belongs to this case and corresponds to).1 :::: i.: :::: I.

Problems with material properties belonging to this case can also be solved by scaling
the original geometry. For example, by scaling the y-coordinate by the l:tetor given in eqn
(7). the problem can be reduced to an isotropic case. A strategy used in Ref. [7J l~)r solving
an orthotropic plate problem oy the boundary element method.

3.3. Case III: HC::+C,,)/C 11 ):: < (C::,CI)

For this case, I) 1 :::: f):: = ii. and i. 1 :::: i.:: i. where

(X)

Thus the roots in eqn (5) have a n:al and an imaginary part. From eqns (A 7). (B 12)
and (A 12), (B 14), one sees that Cases I and III have very similar terms.

4. PROBLEM DISCRETIZATION

To solve the boundary valve problem given by eqns (2) and (.1) numerically, we
need to reduce the integral expressinn of eqn (2) to a linear algebraic expression. This is
accomplished as follows.

4.1. AssulIlp/ion I
Assulllc that the lictitious traction J~ is linearly piecewise continuous over A-f segments

of the boundary

s'" ~ S ~ SI

til:::: 1.2, .... M

k :::: x,r

where S", is the value of s at the /11th node and d~"'1 are the unknown constants to be
determined.

4.2. Assump/ioll 2
Assume that the mth boundary segment can be represented by N", straight line

segments. This assumption docs not introduce any more unknowns hut permits a better
approximation of the shape of the boundary. As shown in Ref. [8], the result is more
accurate. Rewriting eqn (9) about the midpoint of each subdivision and substituting in eqn
(2), we obtain
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(10)

where Sit = (S.+SH \)/2 and

(II)

Integrals M~jk can be found by substituting the appropriate formulas given in
Appendixes A and B. For a closed boundary. continuity requires

(12)

Thus there are M unknowns in each direction in eqn (10). To determine them we substitute
egn (10) in eqn (3), and satisfy the boundary condition at M points in a collocation sense.
The result is a set oflinear algebraic equations that can be solved for the unknown constants
(W'). Once they are known. the stresses are evuluated from eqn (10).

The accuracy of the numerical solution to the algebraic eqmltions is dependent upon
the conditioning of the matrix. In Ref. [9). an algorithm is described which improves the
conditioning of the matrix. It also makes the solution less sensitive to errors or ch'lnges in
the input data. The algorithm of Ref. [9J is used in the present work.

5. RESULTS

The :t1gorithm presented in this paper was tested on a number of geometries. loading
and material properties. An excellent correlation with the analytic.t1 results was found in
all cases. Results arc presented for a geometry (Fig. I) which C'lO simulate two kinds of
probkms to be described hlter.

Each problem was solved for four kinds of material behavior which arc shown in Table
\. All material constants were non-dimensionalizcd by the constant ell' Case lIa represents
the special orthotropie material requiring only thn..-c independent material constants. Case
fib represents the isotropic case.

5.\. Proh!el1l I : a circular Itole in al/ inJinit£· plane under uniaxial tension
The geometry for this case was simulated by defining D = I. E = 50, H = 50, W = 100

in Fig. I. A uniform tension of(I, = I Was applied in the y-direction. The analytical solution

y

T

t
H

1

'--t---t---:x

Fig. I. Geometry of the tcst problem.
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Table I. Material properties

Material C
"

C" C" C n

Case I -0.25 1 1.65
Case lIa -0.25 1.96 1.65
Case lib -0.25 1 115
Case 1lI -0.25 1.96 1.25

to this problem is known[l] and is given below

K =~ = J(2 C
JJ

+C
I2 +2J(S))+ I at e= 0'

U r C 22 C 22

where UI/ is the tangential stress on the hole boundary and K is the stress concentration
factor. The problem was solved with 168 unknowns (M = 84 in eqn (10)). and each problem
took less than 6 min of CPU time on the IBM 403 I computer. Results for the stress
concentration factor are shown in Table 2 for the various material constants. As can be
seen there is very good agreement between the analytical and computed solution by the
REM.

5.2. Problem 2 : coupon under uniaxial tension
For this problem the value of the variables shown in Fig. I were defined as D = I.

E = 2.5. H = 7.5. and W = 5.0. The problem was solved for the various material properties
of Table I for two different sets of load cases.

5.2.1. Prohlcm 2a: traction free hole. A uniform tension in the y-direction was applied
at y = E and -If. All other boundaries induding the boundary of the hole arc load free.

5.2.2. Prohlem 2b: pin simulation. A uniform tension was applied at y = -II. A normal
traction varying as sin () was applied at the hole boundary for between 0 and ISO'. Thl.:
magnitude of the normal traction was chosen to produce static equilibrium. The traction
on the hole is supposed to simulate a pin in mechanicall~lstening analysis(lO).

The only solution that is known[4. I II is for problem 2a for an isotropic material. OIlCl.:
more an excellcnt correlation is seen. Figures 2 and 3 show variation of normal stress IT"

(or UI/) vs x at () = O. for material Cases I and III, respectively. Results for material CISl.:S
lIa and lib fall betwecn the two curves shown and arc not rcported to avoid duller in thl.:
diagram. Ry static equilibrium the area under these curves represent half the total forcl.:
applied in the y-direction. This global equilibrium was used as an additional check on thl.:
~olution. The computed and analytical (applied) value of the force in the y-direction is also
reported in Table 2. Once more, good correlation is seen for these values.

6. CONCLUSIONS

This paper has demonstrated an emdent. accurate. and general algorithm for the
.;olution of stresses in a two-dimensional orthotropic material having strong stress gradients.
The paper underscores the importance of paying allcntion to the details of formulating the

Table 2. Numerical results

Problem
Case I Case lIa Case lib

Analylical Compuled AnalylicaI Computed Analylical CompUled
Case III

Analytical CompUled

Stress concenlration factors
3.191 3.053 2.690 2.604 3.000 2.R94 2.565 2.604

2a 3.299 2.793 3.135 3.125 2.675
2b 6.454 5.073 6005 4.734

Force in the y-direction

2a 5.000 4.993 5.000 5.009 5.000 5.004 5.000 5.009
2b 5.000 4.937 5.000 4.988 5.000 4.982 5.000 4.981
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Fig. 2. Solution for Problem 2. Material Case l.
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Fig. 3. Solution I'lr Problem 2. Material Case III.

boundary value problem before embarking on the numerical aspects of the solution. Work
on incorporating displacement and mixed boundary conditions is nearly complete and will
be published in the near future.
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APPE~DIX A: MATHEMATICAL EXPRESSIONS OF GREEN'S FUNCTION

The Green's function H'J' has the following form for all material constant relations.

H", = E" T, +E"T,

H", = E" TJ+EnT.

H", = E"T,+EJ,T,

H = E.,T)+E.,T.

H = E~,T)+El:T.

ff", = E.,T,+E.,T,.

The Cllnstant E" has the following form for all material constant relations:

Ell = - (d, +d, -d.)/(4/td,)

E" = - (d, -d,-d.l/(4/td.)

I:'" = d./(4/t)

E" = - (2'/, -'/,'/,)/(4/td,'/.)

E" .~ (I t-'/./d,I/(4/td,)

E" = (l-d./d,)/(4ntl.)

E" = -1/4n

I: H = -E.,

E'd = -d,E"

E., = d,E"

where

d, = 2(C,! +C)))/C"

d, = C"/C,,

tI, = Jd,
d. = C"/C,,.

(AI)

(A~)

Constants d. and d. as well as some ofthc T's in cqns (AI) change with thc relationship hetween the material
-=onstanls. BerMc dclining them we define the following:

'. = "(Q) -.t(P)

r, = y(Q) YIP)
(A4)

where Q alltl I' arc field and source pllints as dclined in eqn (2). Givcn below arc the delinitions of thc remaining
quanlities for each kind of matcrial.

where ;.,., afC defined hy eqn (6). Lct

d, = ;., +A.,

d. = ;',-A.,

(A5a)

(A5h)

(1\6)
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Cast' II: (d,!:!): = d,. For this case J., = A., = Awhere J. is defined byeqn (7)

tis =A,+;.= = U

d. = 1

2r,
T, =-,

ri

2l,ry
T. = -"'

rj

9

(A7a)

(A7b)

(A7c)

(A7d)

(ASa)

(ASh)

(A9a)

(A9b)

(Me)

(A9d)

Sole lhat lhe terms T, and T, in e(lns (A9) would !Ie obtained from ellns (A7) if we substltule A, = ;.,. Rut
lhe same is not true for the lerms T: (lnd T,.

Case III: (ti,,:!) , < ti,. For this e(lse, A., :lIld A.l (Ire complex lIu(lntities

d, '" :!;, cos.J

tI. '" :!;, sin i)

"here ;. allli ,) arc delined in elln (1I). Deline

;,('l) = r, - (;, sin ;))r,

;,(6) = ;, cos ,l r,

;l('l) = ;;('l) +;;(<5)

;,(6) ;,( -,)
T ---- + .----...

1 - ;1(,)) ;1(_<5)

.. ;,('l) ;,1 -.l)
1 - - -_. + -----

=- ;=(;)) ;=1-,5)

;,(;)) ;,( -;)

T, .. fl(,)) + i l ( -.5)

;,(;) ;,( -J)T ", .... ,. _ .. _ ....-
• ;l('l) ;l( -J)'

:-':ote the similarity of form for the terms in el.\ns (A 12) with those in eqns (A7).

APPENDIX B

\1\10)

(All)

(AI2)

Rl. Anl1lyliml exprl'.uicJn.• of inll'gral. of terms in lire Grl'en S fllllction
The functions M;1i in eqn (II) are integrals of the Green's function. Since the £'1 in the Green's function are

e\lnstants (sec eqns (A I)) we need to develop e"pressions for the integrals of T" T l , T} and T. only.
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Fi~. B I. GClllnctry <lr a linc sc~mcnt.

I"t Iii,' kn~tlt "I' Ih,' III It sc~n1t'nt n." I, (scc h~. 1111 and tlic angk which this scgmcnt makcs wllh lltc \·a\IS
h,' 0. P<lint ./ " the' nllllp"inl "I' tltc' In:e se~l11cnt with C<l<lrdinates ('.,1"), F<lr .111 valucs Ill' )" and ,i, (k = 1,21
ddincd In cq'" (/>I (XI. we ddine the "'i111wlIlg quanlilics'

lfi \(,)S' 0 ~;: sin' II ~ 2;', sin ,i, sin II cos II)

C',

n.

CllS i', (c:<lS II t t., sin ,i, sin II) II,

:11 \ \) f '. Sin ,idr 1')1 C<lS i', +(.1' n;" cos ,l, sin )',Ulf,
11 \ ')'" sin ,i,11' I'll Sill ;', ~ (I' .1'))" CllS ,i, cos i', :/If,

(III)

('[, ')' ,2 +(, In.-

(R,I.:, I

t/i, I." I Ian

(/i, I" cO tan

(
I. )'2 ( " f /! i

( 11\)

(114)

,\1" 0 Illg ((R,),,, litR.>,,)

L\II, (fl,)o . I - (fl.)"

J,' -(CllS i', L\I., +sin i', A/id,'/I,

A,' = -(sin", ilL, -cos i', il/i,I;/I,

1115 )

1116)

J,

A; ,

---I.l.:os i'~II~ +CI,.J~IlI+{)i<I\~ql

-I. sin itl 'II/{ +('i<A'~(H - f)i<J~1l1

( 117)

.1, "/J.I/. 2-<-'.) (R.)~., +1),(/. 2+Cd.(Rd~

Ii, = lJ; IR,)~, I -ni (R,)~

"",'" .~ (sin 2i', J~"'+C<lS 2:', K~"')-2(A, cos .1;-,+11, sin .I,',)

"-pr (ol1\cnicncc of \\-Tiling we ddlflC

(IIX)

( IlIIl

(lW) )
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is•• ,
l~" = (s-s.)'T,

s.
q = 0.1. (BII)

The: function l:q, is now defined for the various relations of material constants (see: Sections 3.1-3.3).

Case I

l'~' =J't + J~"

l't = J1t - jl,t

I't = K't + K't
1'1' = K't - K't·

Cuse II

1'1" = 21\')
l~') = (Jft -J't)/2;',

l't = 2K't
l~" = (K't-K't)!2;').

Cast'lII

lf~' = J't +J't'
l't '" K't - K't
ll~" := 1\.\141 + KI~.,1

1~'" = -Jlt +J~~l.

(B12)

(813)

(B14)

8.2. EmllUlfion 0" sin#1l111ritl·
The Gn;cn's fUOI:tillnll",IQ.l') is singul,lr when Qamll'cl,im;itle. This h"ppens if ,I resscs arc to hccvalualcd

on the bounuary, for cx,lmple: when we try tn satisfy the bounuary conditions of e4n (3). The usual approach in
IIEM is to exlraet the singulanty 'IImlylieally and evaluate the integral in lhe Cauchy principle sensc. This paper
takes a diffcrcnt approach. Sincc we hOlvc analytic,11 exprcssions, wc can usc thcm til givc thc corrcct value of the
singularity. This is ,Icemnplishcd by chollsing thc pllint Q on thc houmhlry as a midpoint of .1 small segmcntof
lcngth 21:. That is in Fig. 1'1. Q amI A OIrc onc ,InU thc Silmc pllin!. Thus 1.!2 ,., t: OInd frllm cllns (Il2) (114) wc
hOlvc C, = ll, f), '" ll. (R,).,) = (R,). = t;, OInd (fl,).. , '" -1/1,). = l!J2. The cmnpulcr codc alsll e"lcul"lcs thcse
valucs OInu whcn thcy arc suhstituted in the formula, wc obtOlin the correct v,aluc Ill' thc singularity cllntrihution.


